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Problem Al
Consider the sequence s1, s2, s3, . .. of positive integers defined by

e 57 =2,and

e for each positive integer n, s,11 is equal to s, plus the product of the prime factors of s,.

The first terms of the sequence are 2,4,6,12,18, 24.

Prove that the product of the 2019 smallest primes is a term of the sequence.

Solution

More generally, we will prove by induction that the product of the m smallest primes is a term
of the sequence, for each positive integer m. One can check that the statement is certainly true
for m = 1,2, 3 since 2, 6, 30 are terms of the sequence.

Let the primes be p1 < ps < p3 < ---. Now suppose that pips---pi is a term of the sequence
for some k > 3. Then the next terms of the sequence are

2p1p2 - Pk, 3p1P2c Pk, Ap1p2c PR,  OP1D2 - Dk,

In fact, to obtain successive terms, we keep adding pips---pr until we obtain a term of the
sequence that is divisible by a prime larger than pg. Since the smallest positive integer not
divisible by p1,p2, ..., Dk 1S Pr11, this term will be p1pa - - - ppprr1. So we have shown that if the
product of the k& smallest primes is a term of the sequence, then so is the product of the k + 1

smallest primes. Combined with the base cases above, this completes the induction.
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Problem A2

Consider the operation * that takes a pair of integers and returns an integer according to the

rule
axb=ax (b+1).
(a) For each positive integer n, determine all permutations a1, ag, ..., a, of the set {1,2,...,n}
that maximise the value of
(«--((a1 x ag) *x ag) * -+ * ap_1) * an.
(b) For each positive integer n, determine all permutations by, ba, ..., by, of the set {1,2,...,n}
that maximise the value of
by * (by x (bg * - % (bp—1 % by)--+)).
Solution

(a) We start by calculating the following expressions.

a; xag = ay X (ag + 1)
(a1 xag) *az = [a1 X (ag +1)] X (a3 + 1) = ai(ag + 1)(az + 1)
(((Ll * (IQ) * ag) * aq = [al(ag + 1)(@3 + 1)] X ((14 =+ 1) = al(az + 1)((13 + 1)(&4 + 1)

A straightforward induction can then be used to prove more generally that
(---((ar xag) x ag) * -+ x an_1) ¥ an = ar(az + 1)(az + 1) - -+ (an—1 + 1)(an + 1).
If aj,as,...,a, is a permutation of {1,2,...,n}, then we have the following.

(- ((a1 * ag) * ag) * -+ * ap—1) * an,

=aj(az+1)(as+1) - (ap—1+1)(an+1)

ai
= (a1 +1)(ag +1)(ag+ 1) - (ap—1 + 1)(ay, + 1)
a; +1
ai
= n+1)!
. {(n+1)
Note that for fixed n, this expression depends only on a; and is an increasing function of
aj for a; > 0. Given that a1 € {1,2,...,n}, it is maximised when a; = n. Therefore, the
permutations ap,ag,...,a, of {1,2,...,n} that maximise the value of the expression are

precisely those with a; = n.

(b) We start by calculating the following expressions.

bl*l)g:bl X (b2+1) :bl—l-blbz
by * (52 * b3) =b X ([bg + bgbg] + 1) = b1 + b1by + b1baobs
by * (bg * (bg * by)) = by X ([b2 + babs + babsbs] + 1) = by + b1ba + b1babs + b1babsby
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A straightforward induction can then be used to prove more generally that
by % (by * (bg -+ % (bp—1 % bp)-+-)) = b1 + b1ba + b1babs + - - - + b1babs - - - by,.

Now suppose that bi,ba,...,b, is a permutation of {1,2,...,n} such that there exists
1 <i<n—1with b; < by1. Let c1,¢2,...,c, be the permutation of {1,2,...,n} obtained
from by, bs, ... b, by swapping the terms b; and b; 1. Then we have the following.

cr*(cax(cg* - % (cpm1xcp)---)) —by*(bax (bg* - (bp_1%byp)---))
= (e1+crea +ereacs + -+ crca - cp) — (br + biba + bibabs + -+ - + biba - - - by)
=ci1C- - Ci—1¢; — biby - - - bi_1b;
=b1bg -+ bi—1biy1 — biba - - bi—1b;
=b1bg - bi—1(bit1 — b;)
>0

The calculation above shows that if by, bo, ..., b, is a permutation of {1,2,...,n} that

maximises the value of
bl*(bg*(bg**(bn_l*bn))),

then there cannot be any 1 < ¢ < n — 1 such that b; < b;y1. However, a permutation
that maximises the value of the expression must exist, since there are only finitely many
permutations of {1,2,...,n}. It follows that the only permutation that maximises the

expression is
nn—1,n—-2...,3,2,1,

or, in other words, the permutation by, bo,...,b, with b =n+1—17for 1 <i < n.
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Problem A3

For some positive integer n, a coin will be flipped n times to obtain a sequence of n heads and
tails. For each flip of the coin, there is probability p of obtaining a head and probability 1 — p
of obtaining a tail, where 0 < p < 1 is a rational number.

Kim writes all 2" possible sequences of n heads and tails in two columns, with some sequences in
the left column and the remaining sequences in the right column. Kim would like the sequence
produced by the coin flips to appear in the left column with probability %

Determine all pairs (n, p) for which this is possible.

Solution

Any particular sequence that includes k heads and n—k tails occurs with probability pk(l—p)”*k.

So we are looking for (n,p) for which
- 1
S a1 —py = L
k=0
where ag,ai,...,a, are integers satisfying 0 < ai < (Z) The equation above implies that

n
2> appf(l—p"F-1=0.
k=0

Consider the left side of this equation as a polynomial in p. Observe that it has integer coefficients
and constant term 2ag — 1 = 1. The rational root theorem then implies that any rational root
p must be of the form % for some non-zero integer m. Since we are only interested in 0 < p < 1,
we may furthermore assume that m > 2. Substituting p = % into the equation above yields

= 1\* (m—1\"" ”
2 — . —1=0 = 2 — 1)k =0.
kz_ok<m) ( = ) Sk (m— 1" —m

Now consider this equation modulo m — 1 to deduce that 2ag —1" =0 (mod m — 1), from which
it follows that £1 =0 (mod m — 1). However, this can only hold if m = 2, so we conclude that
p=73

1
]
Kim can write all sequences that start with a head in the left column and all sequences that

The conditions of the problem are satisfied for (n, ) for all positive integers n. For example,

start with a tail in the right column.
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Problem A4

Suppose that x1,x2,x3,... is a strictly decreasing sequence of positive real numbers such that

the series 1 + x2 + x3 + - - - diverges.

Is it necessarily true that the series

1
3" min fonpot
nlogn

n=2

diverges?

Solution

Throughout, we interpret log as the natural logarithm with base e, although the result is inde-
pendent of the choice of base, as long as it is a real number greater than 1. We will exhibit below

a non-increasing sequence 1,9, Is, ... of positive real numbers such that =1 + zo + 23 + - --
diverges, while
1

g min < T,, —— ]

= nlogn
converges. A strictly decreasing sequence that satisfies the same properties is then given by

1 1 1 1 : : 1 1 :

1+ 5,22+ 7,23+ 5,T4 + 15, - -, SINCE MIN {xn + 5w, nlogn} < mln{xn, nlogn} + 2n.
Begin by choosing any sequence ag, a1, as, as, . .. of positive integers that satisfies the conditions

e a9 =1 and a; > 3;

® a1 > aplogay for each non-negative integer k;

Y lolgo gg:k converges.
For example, one can check that the sequence defined by ag = 1 and ay = LeekJ for each positive
integer k satisfies the conditions. The first condition is trivial to check, while the second condition
follows from the deduction below, starting from the well-known inequality e* > x + 1.

F>k+1 = 2F—1>fF+k = Fo1>e 4k

1 k1 k
= “xe > xeb = [ef
e

k+1 k k

] > [e” Jlogle” |

The third condition follows from the chain of inequalities below.

2. loglog LeekJ 2. loglog e > k > =k
— < — ) < < < S —
; log|ec” | ; log(e¢® — 1) ; log(e¢® — 1) ; log(L x e") kzl ek —1

The last series converges by the limit comparison test applied to the series ) eﬁk = (efl)Q'

The properties above ensure that the sequence aglog ag, ajlogai,aslogas, ... is a strictly in-

creasing sequence of real numbers, such that the only integer appearing in the sequence is

aplogag = 0. So for each integer n > 1, there exists a unique integer £ > 0 such that
arlogap < n < ag4+1logagyi. We then define the non-increasing sequence 1, x2, x3, . .. via
1
Ty =

1108 aji1
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1
ak+1logag1
ap+1logagi1 — aplogay — 1. Therefore, we have the following.

The number of terms in the sequence that are equal to is greater than the number

> . a loga —agloga — 1 . a loga —agloga — 1
an>z k4110 Qg1 klogag >Z k4110 Qg1 Lk logag

ag+1log agiq — ag+1logagq

=0
- ap+1logag1 — 2ax log ag > 2ay, log ay,
>3 N

ag41log ag1 — ag+1logagq

> 2
>Z(1—logakﬂ>>Z<1—logal>-

k=1

It follows that the series x1 + x2 + x3 + - -+ diverges.

1

nlogn” So we may deduce the

Note that if ap < n < aylogay, then we have min{z,, @} =

following.

oo |ag logay] oo |aglogayg] 1
A= Z Z mm{x”’nlogn} Z Z nlogn

n=ag k=1 mn=a

ay log ay, 1
< Z < + / dt)
— \ak log aj, an tlogt

[e's) 1 o0
= Z “ aj log ay, * Z loglog(ay log ax,) —log log(ax)

log log ay
_Zaklogak+210g< log aj >

k=1

The first summation converges by construction of the sequence a1, as, as,.... By the well-known

equality log(1 + z) < x, the second summation may be compared with

o0
Z log log ay,
logay ’

k=1
which converges by construction of the sequence aq,as, as,.... In particular, the series A con-
verges.
. . 1 _ _ 1
Now note that if aylogar < n < agy1, then we have min{x,,, W} =Tn = o Togani So we
may deduce the following.
ag41—1 ag41—1 1
p=Y. > wnfe ! }z >
1 1
k=1n=[aylogay| niogn k=1n=[aylogay| @k+1 108 Ak+1
o0
41 log log a1
< Z i =2 iogan: <y Torar.
1 Qk+1108 Ak+1 —; 080k+1 T 1080k+1
This last summation converges by construction of the sequence a1, as,as, .... In particular, the
series B converges.
It now suffices to observe that the series
> 1
Z min{mn,} =A+B
nlogn
n=ai

converges, and the desired result follows.
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Problem B1

Determine all pairs (a, b) of real numbers with a < b that maximise the integral

b
/ e“"* (380 -z — x2) dz.

Solution

Write the integrand as
f(l‘) — plosz (380 —r— 1’2) —_ _ecos:v(x + 20)@: _ 19)’

COS T

and observe that it is continuous. Since e is positive for all real z, the integrand f(z) is

positive for —20 < z < 19 and negative for x < —20 or z > 19. The essential idea is to interpret
the integral as the signed area under the graph of f(z), lying between = a and = = b. Hence,
it is maximised when the interval of integration (a,b) includes all positive values of f(x) and

does not include any negative values. So the answer is given by (a,b) = (—20, 19).
More precisely, let
x
F(z) :/ e (380 — t — t?) dt.
0

We will repeatedly use the fact that if f(z) > 0 for z € (a,b) with a < b, then ff f(z)dz > 0.
Similarly, if f(x) < 0 for x € (a,b) with a < b, then ff f(z)dz < 0.

We claim that the integral is maximised only for (a,b) = (—20,19), in which case the integral is
positive. The proof is divided into the following three cases.

o If a > 19 and a < b, then ff f(z)dz <0, since f(z) <0 for z € (a,b).
e If b < —20 and a < b, then fff@) dz <0, since f(z) <0 for z € (a,b).

e Otherwise, we have a < 19 and b > —20 with a < b. In this case, we have

19 b
f(@)de - / f(x) dz = [F(19) — F(~20)] — [F(b) — F(a)
20 a
— [F(19) — F(b)] + [F(a) — F(~20)]
19 a
= f(x)dz + f(z)dz
b —20

> 0.

The inequality holds since the first integral in the penultimate line is positive for all
—20 < b < 19, as well as for b > 19. Similarly, the second integral in the penultimate line
is positive for all a < —20, as well as for —20 < a < 19. Therefore,

19 b
. f(z)dx 2/a f(z)dez,

with equality if and only if (a,b) = (—20,19). This proves our claim.
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Problem B2

For each odd prime p, prove that the integer

— 1)
1!+2!+3!+...+p!_{(p 1).J
e

is divisible by p.

(Here, e denotes the base of the natural logarithm and [z] denotes the largest integer that is

less than or equal to x.)

Solution

The Taylor series expansion

20 2t 2?2 23 2t

x
=gttt T

has infinite radius of convergence, so we can write

1, 1 1 1 1 1

e ¢ ToTntTa 3T

Multiply both sides of this equation by (p — 1)! and use the fact that p is odd to obtain

-1 (-1! (-1! (@E-1)! (@-1) (p—1! 1 1
T T TR o TR g

. is decreasing and converges to 0, so the alternating series

1
The sequence > p(p+1) p(p+1)(p+2)

L 1 _
p plp+1) plp+1)(p+2)

1 1 1 1 . .
nver number n-— = —— and =. In particular, it conver number
converges to a number betwee > T D) = prl @ dp particular, it converges to a numbe

between 0 and 1. Therefore, we have

-0 -1 (-D!' @E-1)! (-1) (p—1)!
{ e J_ o 1 e T3 T poor

Now observe that for all non-negative integers n,

=(1-p)2-pB-p)Mm-—p==D"P-1FE-2)-(p—n) (modp).
By substituting these congruences into the denominators of the previous formula, we obtain

(p=D!' _ (-1 (-1 (p—1)! (p—1)!
{ e J: U "ot T o-00-2 T -2 2

p—+p-—2)+p-3)!+---+1 (mod p).

The cancellations required to pass from the first to the second line are valid since p is prime.
We conclude the proof with the observation that p! =0 (mod p).
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Problem B3

Let G be a finite simple graph and let k& be the largest number of vertices of any clique in G.
Suppose that we label each vertex of G with a non-negative real number, so that the sum of all
such labels is 1. Define the value of an edge to be the product of the labels of the two vertices
at its ends. Define the value of a labelling to be the sum of the values of the edges.

Prove that the maximum possible value of a labelling of G is %

(A finite simple graph is a graph with finitely many vertices, in which each edge connects two
distinct vertices and no two edges connect the same two vertices. A clique in a graph is a set of
vertices in which any two are connected by an edge.)

Solution

First, we show that there exists a labelling of G whose value is % Choose any largest clique

and label each vertex in the clique with the number %, and label all other vertices with the

number 0. Then the value of each edge in the clique is k%, and the value of all other edges is 0.

. k(k—1) . . . . k(k—1) 1 k-1
Since there are =—— edges in the clique, the value of the labelling is =5~ x 5 = %5~

1
2
Next, we consider an arbitrary labelling of G and show that its value is at most % Suppose
that there are vertices v and v not joined by an edge, such that both are labelled with positive
numbers. Let a and b be the labels of the vertices w and v, respectively. Without loss of
generality, let us assume that the sum of the labels of the vertices adjacent to u is greater than
or equal to the sum of the labels of the vertices adjacent to v. It follows that changing the labels

of u and v to a + b and 0, respectively, does not decrease the value of the labelling.

One can repeat the procedure described in the previous paragraph until any two vertices with
positive labels are joined by an edge. Note that the process must terminate, since the number
of vertices labelled with 0 increases at each step. The value of our original labelling of G is at

most the value of the new labelling obtained as a result of this process.

Now let ¢t be the number of vertices with positive labels at this stage and let the labels be
ai,as,...,as. Since the t vertices form a clique, we must have ¢ < k. The value of the labelling
is

1 1
> aiaj:§(a1+a2+-~+at)2—§(a%+a§+---+a§).

By the definition of a labelling, we have a1 +ao+---+a; = 1. By the quadratic mean—arithmetic
mean inequality (or the Cauchy—Schwarz inequality), we have

1 1
a%%—a%—i—---—i—agzz(a1+a2+-'-+at)2:z-

Hence, the value of the labelling satisfies
1 2 1.5 o 2
§(a1+a2+--~+at) —§(a1+a2+---+at)§

It follows that the value of any labelling of GG is at most %
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Problem B4

The following problem is open in the sense that no solution is currently known to part (b). A

proof of part (a) will be awarded 3 points.

A binary string is a sequence, each of whose terms is 0 or 1. A set B of binary strings is defined
inductively according to the following rules.

e The binary string 1 is in B.

o If s1,80,...,8, is in B with n odd, then both s1,s9,...,,,0 and 0, s1, s, ..., s, are in B.
o If s1,59,...,8y is in B with n even, then both s1,s2,...,8,,1 and 1, s1, So,...,s, are in B.
e No other binary strings are in B.

For each positive integer n, let b, be the number of binary strings in B of length n.

(a) Prove that there exist constants cj,co > 0 and 1.6 < A, A2 < 1.9 such that ¢; AT < b, <
c2 Ay for all positive integers n.

(b) Determine liminf {/b,, and limsup /by,.

n—0o0 n—00

Solution to part (a)

Each string in the set B is constructed by starting with the string 1 and alternately concatenating
0s and 1s, on either end of the string. We refer to each such concatenation as a move. A move
that adds a term on the left of the string is called a left-mowve; similarly, a move that adds a
term on the right of the string is called a right-move. Let B, denote the set of binary strings in
B of length n.

Lower bound

We will prove that there exists a constant ¢; > 0 such that
by, > c10",

where ¢ = 1+T\/5 > 1.6 is the golden ratio.

Let A, C B, be the set of binary strings in B of length n whose leftmost and rightmost terms
differ. Let a, = |A;,| so that we have the obvious inequality b, > a,. We claim that for all
integers n > 2,

Op+1 2 Qp + Gp—1.

The claim will follow from the fact that there exists an injective function f : A, UA,—1 — An11.
Given a string s € A, there is a unique move that produces a string s’ € A,,1. In this case,
we define f(s) = s'. In other words, for 0t1 € A,, and 1t0 € A, we define

00t1, if n+ 1 is even, 1200 if n + 1 is even,
f(0t1) = f(1t0) =
0t11, if n+1 is odd, 11t0 if n + 1 is odd.
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On the other hand, for for 0t1 € A,,_; and 1¢0 € A,,_1, we define
f(0t1) = 10t10 € A, 14 and f(1t0) = 01t01 € A, 4.
Note that the order in which the outer two terms are added is determined by the parity of n.

It is clear that f is injective on each of A,, and A,,_;. Moreover, we have f(A,) N f(A,—1) =0,
because elements of f(.A,) begin or end with a repeated term while elements of f(.A;,,—1) do not.

So the claim that ap+1 > apn + an—1 follows.

We have an4+1 > ap + an—1 for n > 2 and one can calculate the initial values a; = 2 and
as = 3. It then follows that the sequence a, > f,, where the sequence fi, fo, f3,... is defined
by fi = 2, fo = 3 and fp+1 = fu + fn—1 for n > 2. By the standard theory of homogeneous
linear recursions, we have f, = a¢™ + bg ", where ¢ = 1+—2‘/5 and ¢ = 1_—2‘/5 are the roots of
the characteristic polynomial 2 — z — 1 of the recursion. Since the sequence fi, fa, f3,... is
increasing and —1 < ¢ < 0, it must be the case that a > 0. So we have b, > a,, > f, > a¢” +b
and it follows that there exists ¢; > 0 such that b, > c1¢™.

Upper bound

We will prove that there exists a constant cy > 0 such that

by < C2¢n7
where 1) < 1.9 is the unique real root of p(z) = 2® — 22 — z — 1. The stationary points of
p(z) occur when p/(z) = 3z? — 2z — 1 = 0, which has solutions z = —% and = = 1. Since
p(—3) = =22 < 0 and p(1) = —2 < 0, the cubic p(z) does indeed have a unique real root 1.

Since p(1.8) = —0.208 < 0 and p(1.9) = 0.349 > 0, we have 1.8 < ¢ < 1.9.

Let D,, be the set of binary strings on the alphabet {L, R} of length n that do not contain
RRLL as a substring, and let d,, = |D,|. We claim that for all integers n > 2,

bn < dnfl'

Consider the function g : D,,—1 — B, defined as follows. Interpret an element of D, | as a
sequence of left-moves and right-moves and apply these in order to the string 1.

We now apply the following simple observation. Given a string in B, if we perform two left-moves
followed by two right-moves, then we obtain the same result as if we perform two right-moves

followed by two left-moves.

Suppose that a string in B, is produced by a sequence of moves applied to the string 1 and
record the types of these moves via a binary string on the alphabet {L, R} in the natural way.
By repeatedly replacing any occurrence of RRLL in the string with LLRR, we arrive at a
sequence of moves that produces s without ever performing two right-moves followed by two
left-moves. It follows that the function g : D,,_1 — B, is surjective, so the claim that b,, < d,,_1

follows.

Now given w € D,41, deleting the final term necessarily gives an element of D,,. Conversely,
given w € Dy, the strings wlL and wR both belong to D,4+1, unless w ends in RRL, in which

case wL does not belong to Dy 1.
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If w ends in RRL, then we may write w = w' RRL, where w’ € D,,_3. Conversely, if w’ € D,,_3,
then w = w'RRL € D,, so strings in D,, ending in RRL are in one-to-one correspondence
with strings in D,,_3. Putting these observations together proves that the sequence dy, ds, ds, . ..
satisfies

dnt1 = 2dy, — dp—3.

By the standard theory of homogeneous linear recursions, we have
dp = A1Y7 + Ay + Agips + Aaify,
where 119, 13,14 are the roots of the characteristic polynomial
-2 r1=(z -1 -2 —z—1)=(z - 1) p(z).

Let us assume without loss of generality that 1; = 1 is the unique real root of p(z) and that
14 = 1. Then 95 and 13 must be complex conjugates. Since we have 19913104 = 1, it follows
that [i2| < 1 and |¢3| < 1. Therefore, for some constant A, we have

bn < bn+1 < dn = Alw? + A2¢5L + AS"#:? + A4'¢Z < Aldjn + A.

It follows that there exists a constant co > 0 such that b, < coyp™.
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